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Introduction 

Let / : — C be a polynomial. The bifurcation set B for / is the minimal set of points 
of C such that / : C" \ /^^ (B) — > C \ ^? is a locally trivial fibration. For c £ C, we denote 
the fiber f~^{c) by Fq. The fiber Fc is irregular if c is in B. If s ^ B, then Fg is a generic 
fiber and is denoted by Fg^n- The tube Tc for the value c is a neighborhood f~^{Dl{c)) 
of the fiber Ff., where Dl{c) stands for a 2-disk in C, centered at c, of radius e <C 1. We 
assume that affine critical singularities are isolated. The value c is regular at infinity if 
there exists a compact set K of such that the restriction of / to \ -fT — > (c) is a 
locally trivial fibration. Set n = 2. Let jc '■ Hi{Fc) — > Hi{Tc) be the morphism induced 
by the inclusion of F^, in T^. One of the consequences of our study of jc is the following : 

Theorem, jc is an isomorphism if and only if c is a regular value at infinity. 

E. Artal-Bartolo, Pi. Cassou-Nogues and A. Dimca has proved this result in [ACD| for 



polynomials with a connected fiber Fc. But for example the fiber Fq of Broughton's 
polynomial f{x,y) = x{xy + 1) is not connected. We also give necessary and sufficient 
conditions for jc to be injective and surjective: let Gc the dual graph of Fc = f~^{c) and 
Gc the dual graph of a compactification of the fiber Fc obtained by a resolution at infinity 
of /. We find that rkKer jc = n{Fc) — l + rki^i (Gc) —rk/7i(Gc) where n{Fc) is the number 
of connected components of Fc- So jc is injective if and only if Fc is connected and Hi{Gc) 
is isomorphic to Hi{Gc). 

We apply these results to the study of neighborhoods of irregular fibers. Set n ^ 2. Let 
Fc be the smooth part of Fc'. F" is obtained by intersecting Fc with a large 2n-ball and 
cutting out a small neighborhood of the (isolated) singularities. Then F" can be embedded 
in Fgcn- We study the following commutative diagram that links the three elements F", 
Fgcn, and Tc. 

Hg{F°c)^Hg{Tc 



H,{Fg 



gen 




where £c is the morphism induced in integral homology by the embedding; and kc are 
induced by inclusions. The morphism kc is well-known and Vq{c) = Ker/cc are vanishing 



cycles for the value c. Let he be the monodromy induced on Hq{Fgen) by a small circle 
around the value c. Then we prove that the image of ic are invariant cycles by he- 

Kev{h,-id)=ic{Hg{F°)). 



This formula for the case n = 2 has been obtained by F. Michel and C. Weber in [MW|. 
Finally we give a description of vanishing cycles with respect to eigenvalues of he for 
homology with complex coefficients. For A 7^ 1 and p a large integer the characteristic 
space Ex = Ker(/ic — Aid)'' is composed of vanishing cycles for the value c. For A = 1 the 
situation is different. If Kq{c) = Vq{c) Ker(/ic — id) are invariant and vanishing cycles 
we have 

i^,(c)=4(Kerj°). 

And for n = 2 we get the formula 

rkKi{c) = r{Fe)-l + vkHi{Gc). 



1 Irregular fibers and tubes 
1.1 Bifurcation set 

We can describe the bifurcation set B as follows: let Sing = {z G C" | gradj(z) = O} 
be the set of affine critical points and let Bajj = /(Sing) be the set of affine critical 
values. The set Bajj is a subset of B. The value c £ C is regular at infinity if there 
exists a disk D centered at c and a compact set K of C" with a locally trivial fibration 
/ : f^^ {D) \ K — > D. The non-regular values at infinity are the critical values at infinity 
and are collected in Boo- The finite set B of critical values is now: 

B = Baff\JBoo. 

In this article we always assume that affine singularities are isolated, that is to say 
that Sing is an isolated set in C". For n = 2 this hypothesis implies that the generic fiber 
is a connected set. 



1.2 Statement of the result 

In this paragraph n = 2. The inclusion of Fc in Tc induces a morphism jc ■ Hi{Fc 
Hi{Te). 

Theorem 1. jc : Hi{Fc) — > Hi{Tc) is an isomorphism if and only if c ^ Boo- 



When Fc is a connected fiber this result has been obtained in [ ACD |. We generalize this 
study and we give simple criteria to determine whether jc is injective or surjective. We 
firstly recall notations and results from | ACD(| . 



Let denote Fag = n (i? » 1) and Foo = Fc\ F^jj, thus FajjHFoo = Kc = f-^c) nSl 
is the link at infinity for the value c. Similarly Tajj = TcH Bj^ and Too = Tc\ Tajj . We 
denote joo '■ Hi{Foo) — > HiiToo) the morphism induced by inclusion. The morphism 
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jaff : Hi{Faff) — > Hi{Taff) is an isomorphism. Hi{Faff Pi F^o) and Hi{Taff n Too) are 
isomorphic. 

Mayer- Vietoris exact sequences for the decompositions Fc = Faff U F^o and Tc = Taff U Too 
give the commutative diagram {T>): 



^HiiFooClFaf 



^HiiT^nTaf 



^ Hi{F^) ® Hi{Faff) Hi (F, 



Joo(Bjaff 



3c 



i?i(roo) e HiiTaff) — i/i(r,) 



The at the upper-right corner is provided by the injectivity of HQ{Foo^Faff) — > Hq{Foo) 
{Fc need not to be a connected set) hence i/o(-^ooni^^) — > HQ{Fac)(B Ho^Fajf) is injective. 



1.3 Resolution of singularities 

To compactify the situation, for n = 2, we need resolution of singularities at infinity 




/ is the map coming from the homogenization of /; vr is the minimal blow-up of some 
points on the line at infinity L^o of CP^ in order to obtain a well-defined morphism 
(pw '■ — ^ CP^: this the weak resolution. We denote (j)~^{oo) by D^o, and let D^i^ be 
the set of components D of ■k~^{Loo) that verify 4>w{D) = CP^. Such a D is a dicritical 
component. The degree of a dicritical component D is the degree of the branched covering 
(t>w '■ F) — > CP^. For the weak resolution the divisor cl)^^{c) n 7r~^(Loo), c € C, is a union 
of bamboos (possibly empty) (a bamboo is a divisor whose dual graph is a linear tree). 
The set Boo is the set of values of (pw on non-empty bamboos with the set of critical values 
of the restriction of (pw to the dicritical components. 

We can blow-up more points to obtain the total resolution, (pt '■ — ^ CP^, such that all 
fibers of (pt are normal crossing divisors that intersect the dicritical components transver- 
sally; moreover we blow-up affine singularities. Then D^q = 0^^(oo) is the same as above 
and for c € ;B we denote Dc the divisor (p^^{c). 

The dual graph Gc of Dc is obtained as follows: one vertex for each irreducible component 
of Dc and one edge between two vertices for one intersection of the corresponding com- 
ponents. A similar construction is done for D^o, we know that Goo is a tree [ LW |. The 
multiplicity of a component is the multiplicity of (pt on this component. 



1.4 Study of joo 

See [ |ACD[ . Let cp be the weak resolution map for /. Let denote by Dicc the set of points 
P in the dicritical components, such that (p{P) = c. To each P G Dicc is associated one, 
and only one, connected component Tp of Too; Tp is the place at infinity for P. We have 
Too = LJpGDic = Tp n Foo = Tp n Fc and Kp = dFp, finally n{Fp) 
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denotes the number of connected components of Fp. Let Fp be the strict transform of c by 
intersected with Tp. The study of joo follows from the study of jp : Hi[Fp) — > HiiTp). 
Let mp be the intersection multiplicity of Fp with the divisor 7r~^(Loo) at P. 

Case of P € Fp. The group Hi{Tp) is isomorphic to Z and is generated by [Mp], 
Mp being the boundary of a small disk with transversal intersection with the dicritical 
component. Moreover if Fp = U"ii''^ FJ, then ip([F|>]) = 3p{[K^p\) = m^^fMp]. 

Case of P being in a bamboo. The group Hi(Tp) is also isomorphic to Z and is 
generated by [Mp], Mp being the boundary of a small disk, with transversal intersection 
with the last component of the bamboo. Then jp[Pp] = jp[Kp] = m^p.ii[Mp]. The integer 
ii only depends of the position where Fp intersects the bamboo, moreover ii ^ 1 and ii = 1 
if and only if Fp intersects the bamboo at the last component. For a computation of ii, 



refer to [ACD|. 



As a consequence jp is injective if and only if n{Fp) = 1 and joo is injective if and only if 
n{Fp) = 1 for all P in Dicc. In fact the rank of the kernel of joo is the sum of the ranks 
of the kernels of jp then 

rkker joo = ^ {n{Fp) - 1). 

PGDiCc 

Finally j^o is surjective if and only if for all P € DiCc, jp is surjective. 
1.5 Acyclicity 

The value c is acyclic if the morphism ip : Hq{T^ fi Tag) — > Hq{Too) ® HoiTajj) given by 
the Mayer- Vietoris exact sequence is injective. 

Let give some interpretations of the acyclicity condition. 

1. The injectivity of can be view as follows: two branches at infinity that intersect 
the same place at infinity have to be in different connected components of Fc. 

2. Let Gc be the dual graph of Fc (one vertex for an irreducible component of Fc, two 
vertices are joined by an edge if the corresponding irreducible components have non- 
empty intersection, if a component has auto-intersection it provides a loop) and let 
Gc,p be the graph obtained from Gc by adding edges to vertices that correspond to 
the same place at infinity Tp. In other words c is acyclic if and only if there is no 
new cycles in Gc,p, that is to say Hi{Gc) — Hi{Gc^p) for all P in Dicc. 

3. Another interpretation is the following: c is acyclic if and only if the morphism h' 
of the diagram {T>) is surjective. This can be proved by the exact sequence: 

Hi{Too)®HiiTaff) ^ Hi{Tc) ^ HoiToonTaff) 
^ HoiToo) © Ho{T,ff) Ho{Tc). 
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4. Let consider the above Mayer- Vietor is exact sequence in reduced homology, the 
morphism ip : Hq{Too H Tajj) — > Ho{Too) © Ho{Taff) is surjective because Hq{Tc) = 
{0}. Moreover ip is injective if and only if ip is injective. As ip is surjective, tp is 
injective if and only if rki/o(^oo H T^ff) = rkHo{Toc) + rk i/o (^aif ) > that is to say c 
is acyclic if and only if 

n{Fp) - 1 = #DiCe - 1 + n{F,) - 1. (*) 

PeDiCc 

This implies the lemma: 

Lemma 2. j^o is injective <^=^ Fc is a connected set and c is acyclic. 

Proof. If joo is injective then n{Fp) = 1 for all P in Dicc, then Ho{Too n Tajj) = Hq{Too) 
and ip is injective, hence c is acyclic and from equality (Q), we have n{Fc) = 1 i.e. Fc is a 
connected set. Conversely, if c is acyclic and n{Fc) = 1 then equality (Q) gives n{Fp) = 1 
for all P in Dicc, thus joo is injective. □ 



Let us define a stronger notion of acyclicity. Let Gc be the dual graph of 4)~^{c). The graph 
Gc can be obtained from Gc by adding edges between vertices that belong to the same 
place at infinity for all P in Dicc. The value c is strongly acyclic if Hi(Gc) — Hi{Gc). 
Strong acyclicity implies acyclicity, but the converse can be false. However if Fc is a 
connected set (that is to say Gc is a connected graph) then both conditions are equivalent. 
This is implicitly expressed in the next lemma, which is just a result involving graphs. 

Lemma 3. y\Hi{Gc) - vkHi{Gc) = ^ {n{Fp) - l) - (n(Fc) - l). 

PeDiCc 

1.6 Surjectivity 

Proposition 4. jc surjective <^=^ joo surjective and c acyclic. 

Proof. Let us suppose that jc is surjective then a version of the five lemma applied to 
diagram (V) proves that joo is surjective. As jc and joo are surjective, diagram (V) 
implies that h' : Hi{Tcx,) © Hi{Tajj) — > HiiTc) is surjective, that means that c is acyclic. 
Conversely if joo is surjective and c is acyclic then h' is surjective and diagram iT>) implies 
that jc is surjective. □ 

1.7 Injectivity 

Proposition 5. jc is injective <^=^ Fc is a connected set and c is acyclic. 

It follows from lemma ^ and from the next lemma. 

Lemma 6. jc injective <^=^ joo injective. 
Moreover the rank of the kernel is: 

rkker jc = rkker joo = ^ (n(Fp) - l) 

PGDiCc 

= n{Fc) - 1 + rkHi{Gc) - rkHi{Gc). 
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Proof. The first part of tliis lemma can be proved by a version of tlie five lemma. However 
we sliall only prove the equality of the ranks of ker jc and ker joo • It will imply the lemma 
because we already know that rk ker joo = X^peoic {^(.^p) ~ ^) from lemma ^ we 
then have rk ker joo = n{Fc) — 1 + rk//i (Gc) — rkHi{Gc)- 

The study of the morphism jc : Hi{Fc) — > Hi(Tc) is equivalent to the study of the 
morphism HiiTajj) — > Hi{Tc) induced by inclusion that, by abuse, will also be denoted 
by jc- To see this, it suffices to remark that Fc is obtained from Fajj = FcCi by gluing 
Fc n 5^ X [0,+oo[ to its boundary Fc n S\. Then the morphism Hi{Faff) — > Hi{Fc) 
induced by inclusion is an isomorphism; finally jajj '■ Hi{Faff) — > Hi{Taff) is also an 
isomorphism. The long exact sequence for the pair (TcTajj) is: 

H2{Tc) H2{Tc,Taff) HiiTaff) ^ Hi{Tc) 

but H2{Tc) = (see |ACD| ] for example) then the rank of ker jc is the rank of H2{Tc, Tajj). 
On the other hand, the study of joo : -ffi(-Foo) — ^ HiiToo) is the same as the study of 
Hi{dToo) — ^ Hi{Too) induced by inclusion (and denoted by joo) because the morphisms 
Hi{dFoo) — > Hi{Foo) and Hi{dFoo) — > Hi{dToo) induced by inclusions are isomor- 
phisms. The long exact sequence for {Too,dToo) is: 

^2(Too) H2{Too,dT^) Fi(aroo) ^ ^i(roo). 

As H2{Too) = (see ]ACD| ] ) , then the rank of ker joo is the same as H2{Too,dToo)- 
Finally the groups H2(Too,dToo) and H2{Tc, Tajj) are isomorphic by excision, and then the 
ranks of ker jc and of ker joo are equal. That completes the proof. □ 



1.8 Proof of the theorem 

If c ^ Boo , then the isomorphism jaff : Hi [Faff ) — > Hi (Tajf ) implies that jc is an isomor- 
phism. Let suppose that c is a critical value at infinity and that jc is injective. We have 
to prove that jc is not surjective. As jc is injective then by lemma ^, joo is injective. By 
proposition ^ it suffices to prove that joo is not surjective. Let P be a point of Dicc that 
provides irregularity at infinity for the value c, then n{Fp) = 1 because joo is injective. 
Let us prove that the morphism jp is not surjective. For the case of P € Fp, the inter- 
section multiplicity trip is greater than 1, then jp is not surjective. For the second case, 
in which P belongs to a bamboo, then mp.ii > 1 except for the situation where only one 
strict transform intersects the bamboo at the last component. This is exactly the situation 



excluded by the lemma "bamboo extremity fiber" of [MW|. Hence joo is not surjective 
and jc is not an isomorphism. 



1.9 Examples 

We apply the results to two classical examples. 



Broughton polynomiaL Let f{x, y) = x{xy + 1), then Bajf = 0, B = Boo = {0}. Then 
for c 7^ 0, jc is an isomorphism. The value is acyclic since Hi(G()) = Hi{Go). The fiber 
Fq is not connected hence jo is not injective. As the new component of Go is of multiplicity 
1 the corresponding morphism joo is surjective, hence jo is surjective. 
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Go • • Go 



Briangon polynomial. Let f{x,y) = yp^ + p^s + aips + oqs with s = xy + 1, p = 
x{xy + 1) + 1, ai = — |, ao = —\- Tlie bifurcation set \s B = Boo = {0,c = — 
moreover all fibers are smooth and irreducible. The value is not acyclic then jo is neither 
injective nor surjective (but joo is surjective). 




The value c is acyclic, and Fc is connected (since irreducible) then jc is injective. The 
morphism jc is not surjective: joo is not surjective because the compactification of Fc does 
not intersect the bamboo at the last component. 

+ 2 +6 + 3 
Gc • Gc " 

2 Situation around an irregular fiber 

For / : C" — > C we study the neighborood of an irregular fiber. 



2.1 Smooth part of Fc 

Let fix a value c G C and let B]^ be a large closed baU (i? » 1). Let Bf^, . . . , B"^^ be 
small open balls around the singular points (which are supposed to be isolated) of Fc : 
Fc n Sing. We denote Bf^ U . . . U B^" by Byj. Then the smooth part of Fc is 

F° = Fcr^B^^\Byj. 



It is possible to embed F° in the generic fiber Fgen (see |MW] and [|NN|| ). We now explain 
the construction of this embedding by W. Neumann and P. Norbury. As Fc has transversal 
intersection with the balls of Byj and with B"^ , then there exists a small disk D'^{c) such 
that for all s in this disk, Fg has transversal intersection with these balls. According to 
Ehresmann fibration theorem, / induces a locally trivial fibration 

f\:r'{D',{c))nBl^\Bu^D',{c). 

In fact, as D'^{c) is null homotopic, this fibration is trivial. Hence F° x -D^(c) is diffeomor- 
phic to f~^{Dl{c)) n i?^" \ Bij. That provides an embedding of F° in Fs for all s in Dl{c); 
and for such a s with s 7^ c, -Fg is a generic fiber. The morphism induced in homology 
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by this embedding is denoted by ic- Let j° be the morphism induced by the inclusion of 
F° in Tc = f~^{D'^(c)). Similarly kc denotes the morphism induced by the inclusion of 
the generic fiber i^en = Fs (for s G F>'^{c), s ^ c) in Tc. As all morphisms are induced by 
natural maps we have the lemma: 



Lemma 7. The following diagram commutes: 



HgiF^ 




H qi^Fgcn) 



Hq{Tc 



2.2 Invariant cycles by h^, 

Invariant cycles by the monodromy he can be recovered by the following property. 
Proposition 8. 

Ker (/le-id) =4(^q(F°))- 
For n = 2, there is a similar formula in [|MW| , even for non-isolated singularities. 



Proof. The proof uses a commutative diagram due to W. Neumann and P. Norbury [NN]: 



Hq{Fgen,F°) 



H qi^Fgcn) 



id —he 



Hq{Fg 



gen) 



The morphism i is the inclusion and ip is an isomorphism, so Ker(/ic — id) equals Ker 99. 
The long exact sequence for the pair {Fgen,F°) is: 



So Im^ 



> Hg{F°c) 

Ker 99 = Ker(/ic — id). 



Hg{Fg 



gen) 



Hq {Fgen , F^ 



□ 



We are able to applicate this result to the calculus of the rank of Ker(/ic — id) for n = 2. 
Let denote the number of irreducible components in Fc by r{Fc), and let Sing^ be SingPlFc: 
the affine singularities on F^. Then H2{Fgen,F°) has rank the cardinal of Sing^ which is 
also the rank of Ker^c- Moreover rkf/'i(F°) = r{Fc) — xi^c) + #Singg. 

rkKer (/ic — id) = rklm^c 

= rki7i(F°) - rkKer 4 

= r(Fe) - xiFc) + # Sing, -# Sing, 

= r(F,)-x(Fc). 



Remark. We obtain the following fact (see [ MW|| ): if the fiber Fc (c € B) is irreducible 
then he 7^ id. The proof is as follows: if r{Fc) = 1 and he = id then from one hand 



rkKer(/ic - id) = TkHi{Fg 



gen) 



1 — x{Pgen) and from the other hand rkKer(/ic — id) 



1 — x(-^c); thus x(-^c) = x{Fgen) which is absurd for c in ;B by Suzuki formula. 
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2.3 Vanishing cycles 

Now and until the end of this paper homology is homology with complex coefHcients. 



Vanishing cycles for eigenvalues A 7^ 1. Let E\ be the space E\ = Ker(/ic — Aid)^ 
for a large integer p. 

Lemma 9. If X^l then Ex C Vq{c). 

Proof. If cr G Hq{Fgen) then /ic(c) — cr £ Vq{c)- This is just the fact that the cycle /ic(o") — a 
corresponds to the boundary of a "tube" defined by the action of the geometrical mon- 
odromy. We remark this fact can be generalized for j ^ 1 to 

hi{a)-aeVqic). 

Let p be an integer that defines Ex, then for a ^ Ey. 

Q = {K- Aidf (a) = (^) {'\Y-'K{a) 

j=0 ^-'^ j=0 ^-^^ 

= E (^) (-Ar-^ (/i^e(^) - ct) + (1 - A)V. 



Each hi{a)—a is in Fq(c), and a sum of such elements is also in Vq{c), then (1— A)^a" G Vq{c). 
As A 7^ 1, then a G Vq{c). □ 

Vanishing cycles for the eigenvalue A = 1 We study what happens for cycles asso- 
ciated to the eigenvalue 1. Let recall that vanishing cycles V^(c) = Kerfcc for the value 
c, are cycles that "disappear" when the generic fiber tends to the fiber Fc. Hence cycles 
that will not vanish are cycles that already exist in Fc. Prom the former paragraph these 

cycles arc associated to the eigenvalue 1. 

Let (ti, . . . ,Tp) be a family of Hq{Fgen) such that the matrix of he in this family is: 

/I 1 (0)\ 
1 1 

1 ■•. 

(0) •-. 1 
V 1/ 

Then, the cycles ri, . . . ,Tp-i are vanishing cycles. It is a simple consequence of the fact 
that hc{(j) — o" G Vq{c), because for i = 1, . . . ,p — 1, we have /i(ri+i) — Tj+i = Ti, and 
then Ti is a vanishing cycle. It remains the study of the cycle Tp and the particular case 
of Jordan blocks (1) of size 1x1. We will start with the second part. 
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Vanishing and invariant cycles. Let Kq{c) be invariant and vanishing cycles for the 
value c: Kg{c) = Ker(/ic — id) fl Vq{c). Let us remark that the space Kq{c) © ®cVc 
is not equal to Ker(/ic — id). But equality holds in cohomology. 

Lemma 10. Kq{c) = 4(Ker j°). 

This lemma just follows from the description of invariant cycles (proposition ^) and from 
the diagram of lemma 0. For n = 2 we can calculate the dimension of Ki(c). 

Proposition 11. For n = 2, ikKi{c) = r{Fc) - 1 + rkFi(G'c). 

Proof. The proof will be clear after the following remarks: 

1. Ki{c) = 4(Ker j°), by lemma 0. 

2. j° = jc o ic with ic ■ Hi{F°) — > Hi{Fc) the morphism induced by inclusion. It is 
consequence of the commutative diagram: 

Hi{Fc) 

Hi{F°)—^H^iTc) 

Jc 

3. rkKerj° = rkKerv + rkKerjcnlmic, which is general formula for the kernel of the 
composition of morphisms. 

4. Ker jc D Im ic = Ker jc, because cycles of Hi{Fc) that do not belong to Imic are 
cycles corresponding to Hi{Gc), so they already exist in Fc and are not vanishing 
cycles. 

5. rkKer ic = X^zeSing ^i^c,z), where Fc^z denotes the germ of the curve Fc at z. 

6. rkKer jc = rkKer j^o = Ep6Dic,(^(^p) " 1) = ^(^c) + rkHi{Gc) - rk(Gc), it has 
been proved in lemma ^. 

7. r{Fc) + ickHi{Gc) = n{Fc) + Y^^GSmg i''"i^c,z) — !)• This a general formula for the 
graph Gc, the number of vertices of Gc is r{Fc), the number of connected components 
is n{Fc), the number of loops is rkHi(Gc) and the number of edges for a vertex that 
correspond to an irreducible component Fj^r of Fc is: Ylz(^F,rr^^^^^^^'^^ ~ 

8. rkKi(c) = rkKer j° — # Singe because Keric is a subspace of Ker^c so rkKi(c) = 
rk Ker j° — rk Ker ic and the dimension of Ker £c is # Singe (see paragraph |2.2[ ) . 
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We complete the proof: 



rkKi(c) =rk4(Kerj°) (1) 

= rkKerj° -rkKer4 (8) 

= rkKer jc o ic — if' Sing^ (2) and (8) 

= rk Ker ic + rk Ker jc fl Im ic — # Singe (3) 

= rk Ker ic — if Singe + rk Ker jc (4) 

= (K^c,.)-l)+n(Fc)+rki/i(Ge)-rk(Gc) (5) and (6) 

= r{Fc)-l + TkHi{Gc). (7) 



□ 



Filtration. Let cj) be the map provided by the total resolution of /. The divisor cj) ^(c) 
is denoted by ^■nuDi where nii stands for the multiplicity of Di. We associate to Di a 



part of the generic fiber denoted by Fi (see [MW]). The filtration of the homology of the 
generic fiber is the sequence of inclusions: 



W-i cWoCWiCW2 = Hi{Fg 



gen) 



with 

• W-i: the boundary cycles, that is to say, if 

Fgen is the compactification of Fgcn and 
: Hi{Fgen) — F[i{Fgen) IS induced by inclusion then W-i = Kert^.. 

• Wq: these are gluing cycles: the homology group on the components of Fi n Fj 

• Wi: the direct sum of the Hi{F,i). 

. W2 = Hi{Fgcn). 

The subspaces Wq and Wi depend on the value c. 

Jordan blocks for n = 2. For polynomials in two variables, the size of Jordan block 
for the monodromy he is less or equal to 2. Let denote by cr and r cycles of Hi{Fgcn) 
such that /i((t) = cr and /i(r) = o" + r. The matrix of he for the family (cr, r) is ( J i )• We 
already know that the cycle a vanishes. 

A large cycle is a cycle of W2 = Hi{Fgcn) that has a non-trivial class in W2/W1. According 



to [MW| r is large cycle; moreover large cycles associated to the eigenvalue 1 are the 
embedding of Hi{Gc) in Hi{Fgen)- So large cycles are not vanishing cycles. The number 
of classes of large cycles in W2/W1 is ikHi{Gc), this is also the number of Jordan 2-blocks 
for the eigenvalue 1. 
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Vanishing cycles. We describe vanishing cycles. For all the spaces W-i, Wq/W-i, 
Wi/Wo and W2/W1 the cycles associated to eigenvalues different from 1 are vanishing 
cycles. 

Proposition 12. Vanishing cycles for the eigenvalue 1 are dispatch as follows: 

• for W-\: r{Fc) — 1 cycles, 

• forWo: ikHi{Gc) other cycles, 

• Wi, W2: no other cycle. 

Let explain this distribution. We have already remark that large cycles associated to ( J } ) 
are not vanishing cycles, so vanishing cycles in W2 are in Wi. Moreover there is rkHi{Gc) 
Jordan 2-blocks for the eigenvalue 1 that provide rkifi(Gc) vanishing cycles (like a) in 
Wq. The other vanishing cycles for the eigenvalue 1 are invariant cycles by he, in other 
words they belong to Ki{c). We have Wi fl -R'i(c) = Wq Ci Ki{c) because invariant cycles 
for Wi that are not in Wq correspond to the genus of the smooth part F° of (this is due 
to the equality Ker(/ic — id) = lc{Hi{F°))). As they already appear in F^, theses cycles 
are not vanishing cycles for the value c. Finally, if we have two distinct cycles a and a' in 
Wq n i^i(c), with the same class in Wq/W-i, then a' = a + 7r, ir £ W-i; this implies that 
TT = fj' — fj is a vanishing cycle of i^i(c). We can choose the r{Fc) — 1 remaining cycles of 
Ki{c) inW-i. 
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